Abstract. The purpose of this paper is to compare the cohomological dimension of a group, relative to finite modules, with the cohomological dimension, in the usual sense, of its profinite completion. The basic tool used to perform this comparison is certain stable cohomology of the group. The reason is that there exists a spectral sequence which relates the continuous cohomology of the profinite completion, with coefficients in this stable cohomology, to the ordinary cohomology of the group. Moreover, the direct method of connecting the cohomology of the group with the profinite cohomology of its completion arises from the edge effects on the base of this spectral sequence.
(ii) 77, (G, ) is exact, /7°(G, ) = DG, and HS"(G, Q) = 0, ifn >0andQ is an injective G-module.
(iii) Hs (G, ) is exact, and H¡(G,A) a H (DG(C)), if A is any G-module and
C is any injective resolution of A.
The stable cohomology of G may be computed by using the ordinary cohomology H'(U, ) of each normal subgroup U of finite index in G. To see this, observe that G/U acts on Hn(U,A), by conjugation, if A is a G-module (cf. [3, Chapitre II, §l.d, p. 53]; but the notation must be arranged via the inversion map * h» j-1 of G). Under these actions, the quotient morphism G/V -> G/U and the restriction morphism H"(U,A) -» H"(V,A) are compatible, whenever U 2 V [3, Chapitre II, Proposition 7, p. 54]. Therefore, ind limy H n(U, A), where the limit is taken with respect to the restrictions, becomes a discrete G-module, again by [3, Chapitre VII, Théorème 3, p. 176]. Then, regarding H"(U, ) as a functor from G-modules to G/U-modules, ind limy H "(U, ) becomes a functor from G-modules to discrete G-modules. Thus, the corresponding cohomological functor ind limy H (U, ) is defined for G-modules, with values in the category of discrete G-modules. Now, let Q be an injective G-module. Since Q is 5-injective, for all subgroups 5 of G, because the group ring Z[G] is free (and hence, projective), as a 5-module, it follows that ind limt/77''(i/,Ö) = 0, if n > 0. Moreover, ind lim^T/^í/, ) = DG, for H°(U,A) -Au, as G/i/-modules. Therefore, 1.2, (ii) applies to give the Corollary 1.3. There is an isomorphism of ^-functors Ht(G, ) en ind\im¡jH(U, ).
Alternatively, regard H"(U, ) as a functor on (7-modules to discrete 6-modules, via the canonical morphism G -* G/U. Then, DG = ind limyH0 (U, ) and H"(U, ) is the right nth derived of H"(U, ). Hence, the corollary also follows from [1, Proposition 3.10.1, p. 181].
The stable cohomology does not change, when G is replaced by any subgroup of finite index. In a precise manner, Proposition 1.4. Let V be a subgroup of finite index in G, and let Ry be the restriction functor on G-modules to V-modules. Then, if A is a G-module, the action of P on H"(V,A) can be extended to G, so that HS(V,RV( )) becomes a cohomological functor isomorphic to H¡(G, ). Proof. Take.y £ Bu, U being a normal subgroup of finite index in G, and write v = f(x), with x E A. Since sx -x E Kerf, for s £ U, the identity sx => x + (sx -x) shows that Ux is finite. Hence it follows that Gx is finite, since U has finite index in G. Therefore, observing that DG(A) consists of all elements in A whose orbits are finite, x E DG(A). Thus, DG(f) is an epimorphism.
Finally, the equivalence follows from the fact that Hx (G, ) is the right first derived functor of DG.
The main result of this section establishes that the continuous cohomology HC(G, ) of G, combined with the stable cohomology of G, approximate the usual cohomology of G. Proof. The spectral sequence associated with A satisfies E2,x = 0, by 1.6. Thus, the result follows from the corresponding exact sequence for the low degrees. Remark 1.9. In [4, Chapitre I, Exercises du §2.6, p. 1-15] Serre establishes relations between discrete cohomology and profinite cohomology. The spectral functor provided by 1.7 can be applied to Serre's comparison method. To perform this application, it is necessary to determine the edge effects on the base. Proof. The spectral sequence of such a module M verifies £fq -0, for 0 < q < n. Consequently, the edge morphism Ff ° -* Hp is bijective< for p < n, and injective, forp = n + 1. Moreover, 1.4 shows that the hypothesis of the proposition is fulfilled in the case n = 1. Letp be a prime number. The cohomological dimension of G, with respect to the category of finite, p-primary G-modules (in the sense of [2, §8.12, p.
175]), is called the (cohomological) p-dimension of G, and is denoted by d(G). The (cohomological) dimension d(G) of G is defined by considering the category of all finite G-modules.
Note that d(G) = suppdp(G), where p runs over all prime numbers. Of course, this equality follows from the decomposition of a torsion abelian group into its p-primary components.
The arguments used in [4, Chapitre I, Proposition 14, p. 1-20] can easily be adapted to prove the following auxiliary result. Proposition 2.1. Let p be a prime, and let V be a subgroup of finite index in G. Then:
(ï)dp(V)<dp(G).
(Ü) Ifdp(G) is finite, dp(V) = dp(G).
The stable p-dimension sdp(G) of G, where p is a prime, and the stable dimension sd(G) of Gare defined by using H¡(G, ) instead of H' (G, ).
It is interesting to observe that Zp = Z/pZ, with the trivial G-action, is a "test module" for estimating sdp(G), in the following sense: sdp(G) < n, where n is a nonnegative integer, if (and only if) H¡(G,Zp) = 0,for all integers r > n. In fact, if A is a finite G-module annihilated by p, then the trivial Gmodule T(A) is isomorphic to a finite direct sum Zy. Hence, applying 1.5, it follows that H¡(G,A) = 0, for r > n, and arguing by induction on the order, the same holds for A p-primary.
Of course, sd(G) = sup.jt7,(G), while the next result corresponds to 2.1. and so, considering Rp-primary, sdp(V) < sdp(G). Finally, a rt vill A/ill be needed concerning discrete modules over profinite groups.
Let A be a G-module. AG denotes A/IG • A, IG being the augmentation ideal of G. Recall that AG is the largest quotient module on which G acts trivially.
If p is a prime and K is a profinite group, cdp(K) is the cohomological pdimension of K, in the usual sense [ Now, the main result of this paper will be established. Theorem 2.5. The following statements are true: (i) sdp(G) < dp(G) < sdp(G) + cdp(G), for all prime numbers p, and so, sd(G) <d(G)< sd(G) + cd(G).
(ii) 7/p is a prime number such that sd'(G) and cd'(G) are finite, then dp(G) = sdp(G) + cdp(G). Hence, d(G) = sd(G) + cd(G), provided that sd(G ) and cd(G ) are both finite.
Proof, (i) The left-hand inequality, sd (G) < dp(G), follows from 1.3 and 2.1, excluding, previously, the trivial case à'(G) = co.
To prove the right-hand inequality, dp(G) < sdp(G) + cdp(G), assume that m = sdp(G) and n = cdp(G) are finite (otherwise, the inequality is trivial.) If A is a finite, p-primary G-module, the spectral sequence (E, H) associated with A in 1.7 satisfies, for /+/>« + m, (ï)cdp(G)<dp(G).
(ii) cdp(G) # dp(G) implies cdp(G) + 1 < dp(G).
Moreover, the proposition obtained by omitting p is also true.
Proof. Apply 2.5, and notice that sd'(G) # 1 (always), by 1.6. The G-modules A satisfying FGDG(A) = A are called discrete. Since DGFG is the identity functor on the category of discrete G-modules, this category is isomorphic to the category of discrete G-modules, in the preceding sense.
Let g be the cohomological dimension of G, with respect to the category of discrete G-modules, which are torsion abelian groups [2, §8.12, p. 175]. Since this category contains the finite G-modules, d(G) < g. Thus, the corollary shows that cd(G) < g, when cd(G) is finite. This inequality is an answer to the question suggested by Gruenberg in [2, §8.12, p. 177].
